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Abstract
We study semiclassical strings in the Klebanov-Witten and in the Non-abelian T-dual Klebanov-
Witten backgrounds. We show that both backgrounds share a subsector of equivalent states up
to conditions on the T-dual coordinates which also impose a breaking of the R-symmetry by a
discrete group. We also analyze string configurations where the strings are stretched along the
T-dual coordinates. This semiclassical analysis predicts the existence of chiral primary operators
for the dual (strongly coupled) superconformal field theory whose anomalous dimension depends
on the T-dual coordinates. We briefly discuss the Penrose limit of the dualised background.
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I. INTRODUCTION
Dualities in string theory have played an important role in the developments of the
theory in the last two decades providing new insigths into the non-perturbative properties
of the theory. For instance, we have learnt how to relate string theories in different regimes
(S-duality) and compactifications (T-duality). Moreover, the study of the theory at a non-
perturbative level led to the discovery of higher dimensional objects, D-branes. The dual
description of such objects as hyperplanes whose dynamics is described by open strings
attached to them [1] and as source of closed strings [2, 3] led to the open/closed string duality.
These ideas prompted Maldacena [4] to propose the celebrated gauge/string duality. The
first and best understood example is the equivalence between string theory on AdS5 × S5
and an N = 4 supersymmetric SU(N) gauge theory. This duality implies that there is
a unique prescription relating physical quantities in the string and field theory sides. In
particular it implies the relation between quantum numbers like AdS energy as function of
the tension, angular momenta and spin of a string with the dimension of corresponding field
theory operators, being this quantities computed where either string theory and field theory
can be analyzed quantitatively. The precise checking of the correspondence, apart from
the special case of protected (BPS) quantities, was difficult to establish until the notable
discovery that for a particular class of operators the comparison of both sides is possible
[5]. This corresponds to operators with large quantum numbers. This idea was clarified
and extended in [6] leading to semiclassical limits where the duality can be extended. More
examples of this gauge/string duality have been analyzed generalizing this idea to models
of a reduced number of supersymmetries either preserving or not conformal invariance (see
[7, 8] for a review). Also the same semiclassical analysis has been applied to these examples
giving strong hints on how the emergent field theories can be investigated.
Moreover, the old idea of generalizing T-duality to include non-Abelian isometry groups
[9], has been recently explored as a solution generating technique for supergravity [10–16].
This idea has been applied to N = 1 backgrounds, either conformal or non conformal,
containing an SU(2) isometry group whose gauge theory dual (strongly coupled) is well
understood [15, 16]. A common feature of these backgrounds is that they retain supersym-
metry [16, 17]. It is in this spirit that the use of non-Abelian T-duality provide a good tool to
construct supergravity duals of strongly coupled field theories and at the same time to over-
come guessing new solutions of type II supergravity. For instance, applying this procedure
along the SU(2) isometry of the internal space of the Klebanov-Witten (KW) background
results in a solution of type IIA supergravity which retains the AdS5 factor and whose lift to
M-theory corresponds to geometries obtained in [18] from wrapping M5 branes on S2. The
solutions constructed using non-Abelian T-duality present a host of interesting phenomena.
Recent developments studying the geometric picture of the backgrounds obtained have re-
vealed some effects of this phenomena in the dual field theory [17]. For instance, using the
language of G-structures, it was shown for the baryonic branch of the Klebanov-Strassler
field theory that the non-Abelian T-dual solution is such that the phenomena of confining
and symmetry breaking are encoded in changes on the character of these structures [19].
There are, however, many points that deserve study towards the gauge/string realisation of
this T-dual solutions.
Here we shall investigate rotating and spinning closed strings in the KW and the non-
Abelian T-dual KW backgrounds with two components of angular momentum in the internal
space. We consider configurations which exhaust the number of maximal translational isome-
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tries that we can have before and after the non-Abelian T-duality is implemented. Among
these isometries there is a U(1)R factor associated to shifts along the coordinate ψ which
behaves as the R-symmetry before and after the non-Abelian T-duality [19]. This will play
a crucial role in our discussion. We remark that the semiclassical analysis of strings in the
KW background has been already studied in the literature (see, e.g. [20–24]). However, the
solution considered here is of particular interest for the comparison with strings moving in
the T-dual background generalizing certain previous known cases which will reduce to these
by taking different limits.
We first study the behavior of conserved quantities in the KW background in certain
interesting limits to recover the expected features of energy depending on spin and angular
momenta. Our goal will be to understand how some of these quantities change or not under
non-Abelian T-duality. We then study these string configurations in the T-dual background.
We show that there is an equivalence between states in both backgrounds which implies
conditions on the T-dual coordinates. This shows that, in spite of leaving untouched some
properties (isometries) of the original background, non-Abelian T-duality acts in a non
trivial way by mixing the R-charge isometric direction with the T-dual coordinates as a
consequence of a gauge fixing choice in the procedure. We also study configurations which
involve closed strings stretched along the T-dual coordinates. We shall see that for finite
energy configurations certain solutions are not allowed. Note that for strings in the non-
Abelian T-dual background we will have non-zero B field on the worldsheet. However, for
the cases we are interested here this will not introduce corrections.
In Section II we briefly review the basic tools to implement the non-Abelian T-duality
transformations for backgrounds that support an SU(2) isometry. In Section III we apply
this technique to the KW background. In Section IV we study semiclassical closed strings
in the KW background to analyze the relationship between conserved quantities that arise
like energy, spin and angular momenta. We recover the expected features for large and
short strings. We then study closed string configurations in the non-Abelian T-dual KW
background to analyze how the states behave under non-Abelian T-duality. We also study
strings which are stretched along the T-dual coordinates. In section V we briefly discuss the
Penrose limit for the T-dual background. Section VI is devoted to some concluding remarks.
II. NON ABELIAN T-DUALITY
In this section we briefly review the non-Abelian T-duality technique, a comprehensive
treatment may be found in [16].
T-duality is a symmetry transformation that relates different string backgrounds pos-
sessing some isometries. This is a full symmetry of string (genus) perturbation theory. In
its simple form, it is the statement that strings do not make a distinction between large
and small compact spaces on which they propagate. The T-duality rules, known as Buscher
rules, relate two generically different but dynamically equivalent sets of background fields.
In the path integral formulation of T-duality a central role is played by the isometry group
U(1) of the background one chooses to dualise. By gauging this U(1) isometry, enforcing a
flat connection for the corresponding gauge field with a Lagrange multiplier and integrating
out this Lagrange multiplier one produces the T-dual sigma model. When the isometry
group is not Abelian one may follow a similar path to naturally arrive at the notion of
non-Abelian T-duality [9]. However, the similarities stop here. While in the Abelian case
the transformation is invertible in the non-Abelian counterpart the isometry is, at least
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partially, destroyed. However this lost isometry may be recovered as a non-local symmetry
in the sigma model and the corresponding sigma models are canonically equivalent [25]. A
second subtle difference is that due to global complications, it is thought that non-Abelian
T-duality is not a full symmetry of string perturbation theory. However, it remains valid as
a solution generating symmetry of supergravity.
Let us consider a bosonic string sigma model in a NS background that supports an SU(2)
isometry, such that the background fields can be expressed in terms of left-invariant Maurer-
Cartan forms Li = −iTr(g−1dg). That is to say the target space metric can be written as
ds2 = Gµν(x)dx
µdxν + 2Gµi(x)dx
µLi + gij(x)L
iLj, (1)
where µ, ν = 1, 2, ...7, with corresponding expressions for the NS two form, B, and dilaton,
Φ. Hence, all the coordinate dependence on the SU(2) Euler angles θ, φ, ψ is contained in
the Maurer-Cartan forms whilst the remaining data can all be dependent on the spectator
fields xµ.
The non-linear sigma model is
S =
∫
d2σ
(
Qµν∂+x
µ∂−x
ν +Qµi∂+x
µLi− +QiµL
i
+∂−x
µ + EijL
i
+L
j
−
)
, (2)
where
Qµν = Gµν +Bµν , Qµi = Gµi +Bµi, Qiµ = Giµ +Biµ, Eij = gij + bij , (3)
where Li± denotes the pull back of the left-invariant forms to the worldsheet. The first step
in performing the non-Abelian procedure is to gauge the isometry by replacing derivatives
by covariant derivatives in the Maurer-Cartan forms. Then we add the Lagrange multiplier
term −iTr(vF+−) to enforce a flat connection. After integrating this Lagrange multiplier
term by parts, one can solve for the gauge fields to obtain the T-dual model that still depends
on θ, φ, ψ, vi and the spectators. We must gauge fix this redundancy. We shall fix the three
Euler angles to zero, i.e. g = I. Nonetheless, one can use a more general gauge fixing in
order to make manifest some residual symmetries.
We obtain the Lagrangian
S =
∫
d2σ
(
Qµν∂+x
µ∂−x
ν + (∂+vi + ∂+x
µQµi)(Mij)
−1(∂−vj −Qjµ∂−xµ)
)
, (4)
where Mij = Eij + f
k
ijvk. Thus, it is clear from the above Lagrangian that the non-Abelian
background fields will be determined by the inverse of Mij . As in the Abelian case the
dilaton receives a contribution as a consequence of the above manipulations in the path
integral.
For type II supergravity backgrounds it is also necessary to know how the RR fluxes
transform under non-Abelian T-duality. After dualisation, left and right movers couple to
different sets of frame fields. However, since these frame fields define the same geometry
they must be related by a Lorentz transformation Λ. In the present case, one can ascertain
that detΛ = −1 and consequently the dualisation maps between type IIB and type IIA
theories. This Lorentz transformation also induces an action on spinors given by a matrix
Ω by requiring that
Ω−1ΓaΩ = ΛabΓ
b. (5)
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The non-Abelian T-dual fluxes are obtained by right multiplication with the above Ω matrix,
namely
eΦIIA /F IIA = e
ΦIIB /F IIB · Ω−1. (6)
where FIIA/IIB are RR polyforms and the slash notation indicates that we have converted
these polyforms to bispinors by contraction with gamma matrices.
Another feature of some type II supergravity backgrounds is that they enjoy certain
amount of supersymmetries. Whether (and how much) supersymmetry is preserved depends
on how the Killing vectors about which we dualise act on the supersymmetry. The Lie
derivative on spinors is given by [26]
Lkǫ = kµDµǫ+ 1
4
∇µkνγµνǫ. (7)
If, when acting on the Killing spinors of the initial geometry, this vanishes automatically for
all the Killing vectors generating the action of the group of isometries, then we anticipate that
supersymmetry will be preserved in the dual background. If on the other hand this vanishes
only for some projected subset of Killing spinors then, we expect only a corresponding
projected amount of supersymmetries to be preserved. In the case we are interested here, one
can show that (7) vanishes identically along the SU(2) isometries [15, 16]. This corresponds
to the statement that in the dual field theory the supersymmetry is not charged under this
SU(2) flavour symmetries.
Parallel to this discussion is the fact that the U(1)R symmetry commutes with SU(2)
and hence one expects the corresponding isometry to be preserved under dualisation.
III. DUALISATION OF THE KLEBANOV-WITTEN BACKGROUND
The stack of D3 branes at the tip of the conifold was studied within the AdS/CFT
correspondence in [27]. The gauge theory describing the low energy dynamics of the branes
is an N = 1 superconformal field theory with product gauge group SU(N)×SU(N). There
are two sets of bifundamental matter fields; Ai in the (N,N) and B
m in the (N,N). The
indices i and m correspond to two sets of SU(2) global symmetries. The super potential for
the matter fields is given by
W =
λ
2
ǫijǫmnTr(AiB
mAjB
n). (8)
This gauge theory is dual to string theory on AdS5 × T 1,1 with N units of RR flux on
T 1,1. Here T 1,1 is a U(1) bundle over S2 × S2 with Einstein metric satisfying Rij = 4gij.
The metric and the 5-form self-dual flux, are given by
ds2 =ds2AdS5 + ds
2
T 1,1, (9)
F(5) =
4
gsL
(vol(AdS5)− L5vol(T 1,1)), (10)
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where
ds2AdS5 =L
2
(
−cosh2ρdt2 + dρ2 + sinh2ρ(cos2βdφˆ+ dβ2 + sin2βdφ2)
)
, (11)
ds2T 1,1 =L
2
(
1
6
(dθ21 + sin
2θ1dφ
2
1) +
1
6
(dθ22 + sin
2θ2dφ
2
2)
+
1
9
(dψ + cosθ1dφ1 + cosθ2dφ2)
2
)
, (12)
where L2 =
√
λtα
′√27/4 is the curvature radius of T 1,1 and λt = 4πgsN the ’t Hooft
coupling. We have chosen the coordinates (θi, φi), i = 1, 2. to parametrize the two S
2 in
T 1,1 whilst the angle ψ has period 4π. The group of isometries for this metric is SU(2)1 ×
SU(2)2 × U(1)R and is identified with the SU(2)1 × SU(2)2 global symmetry and U(1)R
R-symmetry of the dual superconformal field theory.
We will work with the following frame fields for this background
et = L cosh ρdt, eβ = L sinh ρdβ, eφ = L sinh ρ sin βdφ,
eφˆ = L sinh ρ cos βdφˆ, eρ = Ldρ, (13)
e1ˆ,2ˆ = λ1σ1ˆ,2ˆ, e
1,2 = λ2σ1,2, σ3 = λ(dψ + cos θ1dφ1), (14)
where σ1ˆ = sin θ1dφ1 and σ2ˆ = dθ1 are the frame fields for the S
2
1 and λ
2
1 = λ
2
2 =
1
6
, λ2 = 1
9
.
We have also introduced the left-invariant one forms parametrised by Euler angles as follows
σ1 = cosψ sin θ2dφ2 − sinψdθ2, σ2 = sinψ sin θ2dφ2 + cosψdθ2,
σ3 = dψ + cos θ2dφ2. (15)
We dualise with respect to the SU(2)2 global symmetry defined by the above σ
′
is and we
partially gauge fix SU(2)2 by retaining the ψ coordinate related to the R symmetry. The
result of the dualisation was presented in [15, 16]. The result is an N = 1 supersymmetric
solution of type IIA with NS and RR fields given by1
ds2dual = ds
2
AdS5
+ dsˆ2T 1,1 (16)
e−2Φˆ =
8
g2s
∆ (17)
Bˆ = −λ
2
∆
[
x1x2dx1 + (x
2
2 + λ
4
2)dx2
] ∧ σ3ˆ (18)
Fˆ4 =
8
√
2
gs
λ21λ
2
2λ
x1
∆
σ1ˆ ∧ σ2ˆ ∧ σ3ˆ ∧ (λ22x1dx2 − λ2x2dx1), Fˆ2 =
8
√
2
gs
λ41λσ1ˆ ∧ σ2ˆ, (19)
where σ3ˆ = dψ + cos θ1dφ1 and the metric on the dualised background is explicitly
dsˆ2T 1,1 =λ
2
1
(
σ2
1ˆ
+ σ2
2ˆ
)
+
λ22λ
2
∆
x21σ
2
3ˆ
+
1
∆
((
x21 + λ
2λ22
)
dx21 +
(
x22 + λ
4
2
)
dx22 + 2x1x2dx1dx2
)
, (20)
where
∆ = λ22x
2
1 + λ
2(x22 + λ
4
1). (21)
The metric in eq. (20) has evidently an SU(2)1 × U(1)R isometry and for a fixed value of
(x1, x2) the remaining directions give a squashed three sphere.
1 We have set L = 1 which may be restored by appropriate rescalings.
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IV. CLASSICAL SOLUTIONS FOR ROTATING STRINGS
In this section we consider a rotating and spinning closed string in the KW background
(9)-(10) and in the dualised KW background (16)-(19) with two components of angular
momentum. Such configurations will generate a subgroup of isometries enjoyed by both
backgrounds. We study configurations by fixing two of the three coordinates of SU(2)2 in
(12) and the T-dual coordinates in (20). We also consider closed strings which are stretched
along the T-dual coordinates. Since the aim of this paper is to study the effect of non-
Abelian T-duality in this semiclassical configurations and because the AdS5 comes as an
spectator sector, we will keep fixed its string configuration throughout this section. We
follow closely the procedure outlined in [28], in the way used to relate conserved quantities
in certain interesting limits as well as the AdS5 configuration considered there, although the
discussion here is independent of it.
A. Classical solution for rotating strings in the Klebanov-Witten Background
The classical solution for a closed string spinning along the φ direction of S3 in AdS5
and rotating simultaneously along φ1 and the R-charge direction, ψ, within T
1,1, which is
stretched along the radial direction and in the angular coordinate θ1 of S
2
1 in T
1,1, can be
parametrized by the ansatz
t = κτ, φ = ωτ, φˆ = 0, β =
π
2
,
ρ = ρ(σ) = ρ(σ + 2π), θ1 = θ1(σ) = θ1(σ + 2π), (22)
θ2 = fixed, φ2 = fixed, φ1 = vφ1τ, ψ = vψτ.
Besides the isometries of AdS5, this configuration generates a subgroup of isometries U(1)1×
U(1)R of (12) which corresponds to the translational isometries in φ1 and ψ that one can
relate with charges of operators in the dual superconformal field theory. We can generalize
this configuration by considering also shifts in φ2 which enlarge the isometry subgroup to
U(1)1×U(1)2×U(1)R but, as we have seen, this shift symmetry is no longer present in the
T-dual background. The equations of motion become
ρ′′ =(ω2 − κ2) cosh ρ sinh ρ = 0, (23)
θ′′1 =−
v2φ1
3
sin 2θ1 +
2
3
vφ1vψ sin θ1, (24)
where prime denotes derivative with respect to σ. The solution for ρ was computed in [28]
while the one for θ1 follows from the conformal constraints. The general solutions are
(ρ′)2 =κ2cos2α0 − (ω2 − κ2)sinh2ρ, (25)
(θ′1)
2 =
4
3
v2φ1sin
4 θ1
2
+ (
8vφ1vψ
3
− 4
3
v2φ1)sin
2 θ1
2
+ 6κ2sin2α0 − 2
3
v2φ1,ψ, (26)
where vφ1,ψ = vφ1 + vψ and α0 is an integration constant. The parametrization of this
integration constant will be determining the size of the closed string which is stretched from
ρ = 0 up to some ρm.
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Let us define three parameters
a =
v2φ1/3
6κ2sin2α0 − 23v2φ1,ψ
, b =
2vφ1vψ/3
6κ2sin2α0 − 23v2φ1,ψ
, c =
ω2 − κ2
κ2cos2α0
. (27)
We are interested in finite energy configurations. Such configurations are allowed if ω2 > κ2,
consequently c > 0. We also choose b > 0 which implies a > 1.
For the single-fold string [6] the interval 0 ≤ σ ≤ 2π is split into four segments; θ1 and ρ
start at ρ(σ) = θ1(σ) = 0 at σ = 0 and increase up to a maximal value ρm and θ1m where ρ
′
and θ′1 vanish, which in the present case is at σ =
pi
2
. The periodicity condition thus implies
an extra relation between the parameters, namely
tan2 α0 =
g22F
2
1
(
1
2
, 1
2
, 1; k2
)
(1 + 2a(1 + b
2a
)2)c
6 2F
2
1
(
1
2
, 1
2
, 1;−1
c
) , (28)
where
g =
2
√
2√
−1 + 2a− 2b+ 2√(a− b)2 − a,
k2 =
(
−1 + 2a− 2b− 2√(a− b)2 − a
−1 + 2a− 2b+ 2√(a− b)2 − a
)
. (29)
The energy and spin for this soliton are [28]
E(a, b, c) =
√
λt√
c cosα0
2F1
(
−1
2
,
1
2
, 1;−1
c
)
, (30)
S(a, b, c) =
√
λt
2c3/2 cosα0
√
1 + c cos2α0 2F1
(
1
2
,
3
2
, 2;−1
c
)
, (31)
whereas the global and R-charge are given by
Jφ1 =
2
√
λt
√
a
3
√
3π
∫ θ1m
0
(1− 2sin4 θ′1
2
+ 2sin2
θ′1
2
) + (1− 2sin2 θ′1
2
) b
a√
1 + 4asin,4
θ′1
2
+ 4(b− a)sin2 θ′1
2
dθ′1, (32)
Jψ =
4
√
λt
√
a
3
√
3π
∫ θ1m
0
(1− 2sin2 θ′1
2
+ b
4a
)√
1 + 4asin4
θ′1
2
+ 4(b− a)sin2 θ′1
2
dθ′1. (33)
Computing the integrals we get the following expressions in terms of elliptic and hypergeo-
metric functions
Jφ1 =
√
λt
3
√
3
g
√
a
[(
1− b
a
+
a+ b+
√
(a− b)2 − a√
a
)
2F1
(
1
2
,
1
2
, 1; k2
)
− 1
2
√
a
(
a + b+
√
(a− b)2 − a
a− b−√(a− b)2 − a
)
2F1
(
−1
2
,
1
2
, 1; k2
)
+
4b
πa
Π(α2, k)− 2b
π
√
a
Π(β2, k)
]
, (34)
Jψ =
√
λt
3
√
3
g
√
a
[(
b
2a
− 2
)
2F1
(
1
2
,
1
2
, 1; k2
)
+
8
π
Π(α2, k)
]
, (35)
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where
α2 =− 1−1 + 2a− 2b+ 2√(a− b)2 − a,
β2 =− a− b−
√
(a− b)2 − a
a+ b+
√
(a− b)2 − a . (36)
Thus the expressions in eqs. (28), (30), (31), (34) and (35) determine the energy in terms of
the spin and the two angular momenta by eliminating the constants a, b and c. It is useful to
study this functional dependence in some interesting limits. We will always be considering
JT ≫ 1, S ≫ 1 with
√
λt ≫ 1 such that JT/
√
λt and S/
√
λt remain finite in the limit. We
have defined JT = (Jφ1 + Jψ) as the total angular momentum of the string. According to
the value of S and JT (as compared to λt) we can also consider different cases. Of particular
interest are the short and large string limits. The first case corresponds to small S and JT
and the second one to large S and JT (as compared to λt).
We see from (31) that the limit of large and small S corresponds, respectively, to c≪ 1
and c ≫ 1. One can also see from (34) and (35) that the large total angular momentum
limit corresponds to the parameter region where a ≈ 1+2b+
√
1+4b
2
for fixed b, which implies
k2 ≈ 1, whilst the small region corresponds to a ≫ b where k2 ≪ 1. We now study these
different limits.
Short strings. In this limit (28) gives tan2 α0 ≈ J
2
T
2S
. Then (30) reduces to
E2 ∼= J2T + 2
√
λtS. (37)
This is a Regge type spectrum which corresponds to a string in flat space with total angular
momentum JT rotating around its center of mass with spin S.
Large strings. In this limit tan2 α0 ≈
ag2 log 16
1−k2
3 log2 c
. The expressions (30), (31), (34) and
(35) give
E − S ∼=
√
λt
π
√
log2 c+
9π2
µ20
(
JT√
λt
− l0
3
√
3π
)2
, (38)
where l0 = (1 + 4b)
1/4 and 3/2 < µ0 < 11/2. So that we have reduced the problem to find c
in terms of S and JT as a solution of the parametric equation
S =
2
√
λt
πc| log c|
√
log2 c+
9π2
µ20
(
JT√
λt
− l0
3
√
3π
)2
. (39)
When JT is small,
JT√
λt
≪ log c, we get c ≈ 2
√
λt
piS
. In this limit we find
E − S ∼=
√
λt
π
log
πS
2
√
λt
+
9π
2µ20
√
λt
J2T
log piS
2
√
λt
. (40)
which is the usual energy-spin dispersion relation for large spinning strings.
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In the fast string expansion, JT√
λt
≫ log c, we have c log 1
c
≈ 6JT
µ0S
. Because c ≪ 1 we
have JT ≪ S, thus the string is spinning faster in AdS5. The leading order solution for c is
c ≈ 6JT
µ0S
, we get
E − S ∼= 3
µ0
JT +
λtµ0
6π2JT
log2
6JT
µ0S
+
√
λtl0√
3µ0π
. (41)
Another interesting limit to consider, apart from the ones discussed above, is when
JT√
λt
≫ 1 and S√
λt
≪ 1 with S/JT fixed. In this case tan2 α0 ≈ acg2 log2 161−k2 , and one finds
that
E ∼= 3
µ0
JT + S +
√
λtS
3µ0JT
+
µ20λtS
18J2T
+
√
λtl0√
3πµ0
. (42)
This limit describes a near point-like string staying near the center of AdS5. We see that
the first terms in (42) looks like the expansion in positive series of λt which would suggest
the direct comparison with field theory anomalous dimension of operators, however the last
term, being large in the limit, makes this comparison problematic.
For the sake of completeness, let us discuss some particular cases of eq. (22) concern-
ing different string configurations in T 1,1.
1. Case vψ = 0.
The energy and spin are still given by eqs. (30) and (31), whereas the corresponding
global charge is
Jφ1 =
√
λt
3
√
3
(
1
4a
2F1
(
1
2
,
3
2
, 2;
1
a
)
+ 2F1
(
1
2
,
1
2
, 1;
1
a
))
. (43)
Note that this charge is no longer equivalent to the one which is rotating only in the S2 of
S5 for the maximal supersymmetric case [28, 29] due to the U(1) fibration in T 1,1. Strictly
speaking, the comparison is not quite direct because the scale in (43) is set by T 1,1 instead
of S5.
We have different cases concerning the value of a.
• For a < 1, then θ1 ∈ [0, π]. The string is closed and stretched around the great circle
of S21 in T
1,1.
• For a = 1, we have an infinite energy solution unless we fix θ1 and eq. (24) implies
that θ1 =
pi
2
.
• For a > 1 the string is stretched up to a maximal value determined by θ1m = arcsin 1√a .
This is the most interesting case and we shall study it in detail.
Consider the case a > 1. We see from (43) that the regime of large and small global charge
corresponds, respectively, to the region where a ≈ 1 and a≪ 1.
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Short strings. In this case we find that tan2 α0 ≈ c
√
3Jφ1√
λt
. The energy (30) becomes
E2 ≈
√
λt(2S +
√
3Jφ1), (44)
which is a Regge-type spectrum.
Large strings. In this limit tan2 α0 ≈
6(
piJφ1√
λt
+ 1
3
√
3
)2
log2 c
. We obtain
E − S ∼=
√
6
(
Jφ1 +
√
λt
3
√
3π
)2
+
λt
π2
log2 c. (45)
For logc≫ Jφ1√
λt
we have c ≈ 2
√
λt
piS
. Thus the energy-spin relation behaves like
E − S ∼=
√
λt
π
log(
πS
2
√
λt
) +
10π
6
√
λt
J2φ1
log( piS
2
√
λt
)
. (46)
For logc≪ Jφ1√
λt
we find c ≈ 2
√
6Jφ1
S
, so that
E − S ∼=
√
6Jφ1 +
λt
2
√
6π2
log
2
√
6Jφ1
S
Jφ1
+
√
2
√
λt
3π
. (47)
This result agrees with the result found in [21]. Although, the relation in eq. (47) is the
generalization to the non-zero spin case.
2. Case vφ1 = 0.
In order to satisfy the periodicity condition we must set θ1 = const, but eq. (24) implies
that θ1 = 0. We find that the R-charge is homogeneously distributed along the string
Jψ√
λt
=
vψ
9
. (48)
An interesting limit to consider here is when S√
λt
≪ 1 and Jψ√
λt
≫ 1. Then, the string is
moving very fast along the R-charge direction with energy
E ∼= 3Jψ + S +
√
λt
3
S
Jψ
+
λtS
18J2ψ
. (49)
This energy is also captured by the leading quantum term in the spectrum of strings of
(9)-(10), in the frame boosted to the speed of light along ψ. In the strict S = 0 limit we see
that (49) saturates the BPS bound and is dual to a chiral primary operator [30].
As we will see in the next section, the subsector of states discussed above, will be preserved
under dualisation by imposing some conditions on the T-dual coordinates.
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B. Classical solution for rotating strings in the Non-Abelian T-dual Klebanov-
Witten Background
Let us consider now a string moving in the background (16)-(19) which is rotating in the
φ1 and the R-charge direction, ψ, it is also stretched along θ1 and localized at a fixed point
in the plane (x1, x2). From now on the string configuration for AdS5 will be the one defined
in eq. (22). An appropriate ansatz for such a solution is
θ1 = θ1(σ) = θ1(σ + 2π), φ1 = vφ1τ, ψ = vψτ,
x1 = fixed, x2 = fixed. (50)
This configuration generates a subgroup of isometries U(1)1 × U(1)R of (20) that has been
retained by non-Abelian T-duality. The most general solution for θ1 satisfying the conformal
constraints is
θ′21 =
(
4− 4λ
2
2λ
2x21
λ21∆
)
v2φ1sin
4 θ1
2
+
(
4λ22λ
2x21
λ21∆
vφ1vψ −
(
4− 4λ
2
2λ
2x21
λ21∆
)
v2φ1
)
sin2
θ1
2
+
κ2
λ21
sin2α0 − λ
2
2λ
2x21
λ21∆
v2φ1,ψ, (51)
where vφ1,ψ = vφ1 + vψ and ∆ was defined in eq. (21). If we identify the analog to a and b
in (27) as
a→ aˆ =
(
4− 4λ22λ2x21
λ21∆
)
v2φ1
κ2
λ21
sin2α0 − λ
2
2
λ2x2
1
λ21∆
v2φ1,ψ
,
b→ bˆ =
4λ22λ
2x21
λ21∆
vφ1vψ
κ2
λ21
sin2α0 − λ
2
2λ
2x21
λ21∆
v2φ1,ψ
, (52)
we can see that the expression in eq. (51) is equivalent to eq. (26). Thus, it seems that
if we appropriately choose the values of x1 and x2 we can get a set of states that remains
unchanged under non-Abelian T-duality. This is indeed possible in a finite range determined
by 1/3
√
6 ≤ x1 < 1 for any fixed x2. The metric in eq. (20) around these values of (x1, x2)
behaves like
dsˆ′
2
= λ2
1ˆ
(σ2
1ˆ
+ σ2
2ˆ
) +
λ22
x22 + λ
4
2
(dx21 + x
2
1σ
2
3ˆ
). (53)
This metric has a bolt singularity [15]. To remove this singularity one requires the range
of ψ to be 2π. Then we see that the string states in (22) and the ones in (50) will be
characterized by the same labels (30), (31), (34) and (35) up to a Z2 quotient on ψ.
The latter result implies that, even though the field theory dual to the background in
eqs .(16)-(19) is, in principle, different to the field theory dual to the background in eqs.
(9)-(10), there is a particular sector where both are equivalent. This is due to the fact that
a precise sector of the geometry, apart from AdS5, was unaffected by non-Abelian T-duality.
In other words, the computation of a given observable that in the original background is
uncharged under SU(2)2 will give the same result in the T-dual background. One may thus
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expect that the computation of observables in that subsector will go through. However, we
have seen that this is not the case; the equivalence is guaranteed up to certain conditions
on the T-dual coordinates. This unexpected behavior is because the term containing the
R-charge direction in eq. (20), has been mixed non-trivially by T-duality with the T-dual
coordinates. In addition, note that the fact that the R-charge direction was retained and
made explicit in the T-dual solution is a consequence of the gauge choice used in Sec. III;
we can still identify it as the R-charge direction but by no means is the same.
We shall study now configurations where the string is stretched along the T-dual coordi-
nates.
A configuration defining a string which is rotating along the φ1 and the R-charge direction
on the equator of S31 in (20) that is located at some fixed point x2 and stretched along x1(σ),
can be parametrized by the ansatz
θ1 =
π
2
, φ1 = vφ1τ, ψ = vψτ,
x1(σ) = x1(σ + 2π), x2 = fixed. (54)
The equation of motion for x1 becomes
(x21 + λ
2
2λ
2)x′′1 +
λ2x22x1(x
′
1)
2
∆
+
λ2λ22x1(x
2
2 + λ
4
2)
∆
v2ψ = 0. (55)
The off-diagonal components of the conformal constraints implies different cases.
• For vψ 6=0, a general solution of eq. (55) is
(x21 + λ
2λ22)(x
′
1)
2 = λ22(κ
2 sin2 α0 − λ21v2φ1)
(
λ22λ
2 − (l − 1)x21
)
, (56)
x2 = 0, (57)
where
l =
λ2v2ψ
(κ2 sin2 α0 − λ21v2φ1)
. (58)
For l > 1, x1 has a maximum x1m, defined by the equation x
′
1 = 0. As in the previous
section, for the single-fold case, x1 starts in x1 = 0 at σ = 0 and increases up to reach
its maximal value x1m at σ = π/2. By demanding this we get the condition
tan2 α0 =
(
λ2l
(l−1)2 2F
2
1
(−1
2
, 1
2
, 1; 1
l
)
+ λ21v
2
φ1
)
c
2F 21
(
1
2
, 1
2
, 1; 1
l
) . (59)
The global charge and R-charge for this soliton are
Jφ1 =
√
λtλ
2
1vφ1, (60)
Jψ =
√
λtl
l − 1
[
2F1
(
−1
2
,
1
2
, 1;
1
l
)
− (l − 1)
l
2F1
(
1
2
,
1
2
, 1;
1
l
)]
. (61)
Whereas the energy and spin are still given by eqs. (30) and (31).
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Note that the homogeneous distribution of angular momentum (60) is bounded in
virtue of (58). We also see that the large R-charge limit is not allowed for this config-
uration. Therefore, we will have only short strings. In such case l ≫ 1, we see that
κ ∼ vφ1 ≈ 0.
Short strings In this limit the energy (30) behaves like
E2 ∼=
√
λt (2S + Jψ) + 6J
2
φ1 , (62)
which is the usual Regge behavior with a small correction due to Jφ1.
• For vψ = 0, the periodicity condition on x1 implies that x1 = const and eq. (55) sets
it to zero. Thus, the vanishing of the R-charge implies the vanishing of the T-dual
coordinate x1.
Let us consider now that the string is stretched along the T-dual coordinate x2 and we
seek now for a solution as in (54) but now with x1 = fixed, x2 = x2(σ) = x2(σ + 2π). The
equation of motion for x2(σ) becomes
(x22 + λ
2
2)x
′′
2 +
x2x
2
1λ
2
2
∆
((x′2)
2 − λ4v2ψ) = 0. (63)
The conformal constraints imply that x2 = fixed and eq. (63) sets it to zero. In this case
the global and R-charge are uniformly distributed along the string
Jφ1√
λt
= vφ1 ,
Jψ√
λt
=
λ2x21
x21 + λ
2λ22
vψ. (64)
We then see that x1 = 0 implies zero R-charge. Let us consider the case of non-vanishing
x1 and vφ1 = 0 with
S√
λt
≪ 1, Jψ√
λt
≫ 1. In this limit the energy is
E ∼= 3
√
x21 + λ
2
1λ
2
x1
Jψ + S +
√
λtx1S
3
√
x21 + λ
2
1λ
2Jψ
+
λtx
2
1S
18(x21 + λ
2
1λ
2)J2ψ
. (65)
In the limit S = 0, the point-like string is placed at the center of AdS5 and is rotating along
the R-charge direction with the speed of light. This is a prediction for the dual (strongly
coupled) field theory; there will be a set of chiral primary operators with a scaled R-charge
due to x1. In other words, the anomalous dimension of these operators in the dual field
theory will depend on the (fixed) T-dual coordinate x1. We see from (65) that the point
x1 = 0 will be problematic. One might try to chose x1 = 0 by considering Jψ/x1 fixed, but
this is indeed not possible in the present case.
The results of this section implies that we cannot have a description of string states with
large quantum numbers independent of the value of the T-dual coordinates. Particularly, we
have analyzed how the states discussed in Sec. IV has changed. We found that for specific
values of the T-dual coordinates such states become equivalent. Moreover, some states are
not only affected but their existence is constrained by the T-dual coordinates. For instance,
there is a correlation between the values of x1 and ψ such that a necessary, but however not
sufficient, condition to have non-zero R-charge is not to set x1 to zero. Note that for all the
solutions discussed above the NS field in eq. (18) does not introduce corrections.
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V. TOWARDS THE PENROSE LIMIT OF THE DUALISED BACKGROUND
A remarkable observation made in [31] is that type IIB superstring theory on the pp-wave
background with a five form RR flux is exactly solvable. In addition, this background is also
a maximally supersymmetric solution of type IIB supergravity [32] which can be obtained
as the Penrose limit of another maximal supersymmetric solution, AdS5 × S5. These ideas
were first studied within the AdS/CFT correspondence in [5] to identify stringy states in
AdS5 × S5 with a class of gauge invariant operators of the N = 4 SU(N) supersymmetric
gauge theory. Since then, the analysis of pp-wave backgrounds coming from the Penrose
limit of supergravity backgrounds has been extended to a number of models (see, e.g. [33]).
Interestingly, in [34] it was shown that the scaling limit is consistent with T-duality. The
consistence relies in proving that the gauge choices for the NS and RR fields are in harmony
with the T-duality rules for the corresponding transformed fields such that they produce
finite non-zero results in the limit. Therefore, the T-dual pp-waves are also solutions and
consequently this limiting procedure commutes with T-duality. This idea has been applied
to type IIB backgrounds to generate new pp-wave solutions of type IIA supergravity which
preserve some fraction of supersymmetry [35]. It is then natural to ask how the Penrose
limit behaves under non-Abelian T-duality. However, in spite of the non-Abelian T-dual
solution discussed here, and in general the ones obtained in [16], has proven to be solution
of type IIA supergravity, this transformation has led to topology changes that make not
evident the applicability of such limiting procedure. Nevertheless, the semiclassical analysis
performed in Sec. IVB gives us strong evidence that such limit indeed exists. Then we
ought to, in principle, reconsider the Penrose-Gueven derivation in a formalism suitable to
incorporate the non-Abelian T-duality Rules for the NS and RR fields. We leave this study
for a future work. For the time being we focus our attention on the metric only and we shall
show that we can indeed write it as a pp-wave metric.
Let us consider a scaling limit around a null geodesic at a fixed point x1 near ρ =
θ1 = x2 = 0 in the background metric (16) carrying large angular momentum along the ψ
direction. The coordinates that label the geodesic are
x+ =
1
2
(
t+
x1(ψ + φ1)
3
√
x21 + λ
2λ22
)
, x− =
L2
2
(
t− x1(ψ + φ1)
3
√
x21 + λ
2λ22
)
. (66)
We take L→∞ while rescaling the coordinates
ρ =
r
L
, θ1 =
√
6
L
ξ, x2 =
√
x21 + λ
2λ22
λ2L
γ. (67)
In this limit the metric becomes
ds2 =− 4dx+dx− +
4∑
i=1
((dridri + dγ2)− (riri + 4γ2)dx+dx+)
+(dξ21 + ξ
2
1dφ
2
1)− 2
x1√
x21 + λ
2λ22
ξ21dx
+dφ1. (68)
One easily sees that this is a pp-wave metric in virtue of ∂− being a covariantly constant null
Killing vector. This background has a number of isometries, some of which are manifest. In
particular the transverse SO(8) invariance of (68) has been broken down to SO(4)×U(1)1.
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It can be seen that this pp-wave metric has less isometries that the one obtained by applying
the scaling limit to the background metric (9) [30]. Thus we anticipate that the scaling limit
does not commute with non-Abelian T-duality.
By considering the correspondence between conserved charges in string theory and field
theory one finds
2p− =i∂x+ = i
(
∂t + 3
√
x21 + λ
2λ21
x1
∂ψ
)
=∆− 3
2
√
x21 + λ
2λ21
x1
R, (69)
2p+ =i∂x− =
i
L2
(
∂t − 3
√
x21 + λ
2λ21
x1
∂ψ
)
=
1
L2
(
∆+
3
2
√
x21 − λ2λ21
x1
R
)
. (70)
Thus, as expected, this analysis predicts the existence of chiral primary operators whose
anomalous dimension is x1-dependent. This also predicts a set of operators whose deviation
from the BPS bound is finite in the large N limit.
VI. CONCLUSIONS
In this work we have discussed semiclassical solutions for rotating and spinning closed
strings in the KW and the T-dual KW backgrounds with two components of angular mo-
mentum which correspond to the global U(1)1 and U(1)R charges of the internal space.
Such configurations exhaust the number of isometries that we can have before and after the
dualisation.
We began by considering this configuration in the KW background by keeping fixed two
of the coordinates of SU(2)2 about which we dualise the background. We found analytical
expressions for the angular momenta. We then studied the behavior of the string energy
in terms of these conserved quantities and the spin to recover the expected features for
short and large strings as well as the holographic bound for the supergravity modes in this
background. We then studied this configuration in the T-dual background by keeping fixed
the T-dual coordinates. We found that both backgrounds enjoy an equivalent subsector of
states. However, the existence of this equivalent sector depends on the values of the T-dual
coordinates. The geometry displayed in this subsector probes to be a squashed three-sphere.
This geometry induces also a reduction in the range of the R-charge direction in order to
define a smooth equivalence. We also studied configurations where the string is stretched
along the T-dual coordinates. For a string that is stretched along x1 for fixed x2, we found
that only short strings are allowed. In the case of vanishing R-charge we found that the
string shrinks to a point. There is not a possible configuration where the string is stretched
along x2 for fixed x1. In this case we found that the string is placed at a fixed point
(x1, 0) in the (x1, x2) plane with a homogenous distribution of global and R-charge. The
R-charge is x1-dependent such that for vanishing x1 the R-charge is identically zero. For
non vanishing x1, in the point-particle limit, the corresponding supergravity mode saturates
the BPS bound but with a scaled R-charge related to the fixed value of x1. This puzzling
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feature predicts that the anomalous dimension of operators in the dual superconformal field
theory is x1-dependent. This discussion motivates that the T-dual background goes over
to a pp-wave solution in the Penrose limit. We discussed briefly the application of this
scaling limit to the T-dual fields. Particularly we worked with the metric by proving that
we can indeed write it as a pp-wave metric. Then we wrote down the equivalence between
conserved charges in string theory and field theory which predicts the existence of the states
we found by performing the semiclassical analysis. This latter fact gives strong evidence for
the generalization of this scaling limit to the inclusion of the non-Abelian transformation
for the other background fields which will be analyzed in a future work.
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